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1.1 BT 3

RS 5
RN HIERRABARAFTPESYEIRNARE, ZMNATEANGE, W
NE RFE BEE RENE. ETHEF. HOoAENEIBER AT
RIRNBERGRERT RIS EETHRIAE, EFIBEESHESHIRARER, &
RERGRENTITA.

B ERYIENSTHE
BN HRERUTXLE.:
RERETFTE (Laplace Equation) , KzhGFE (Wave Equation) , #AfEFH

2 (Heat Equation) , ExEISHTE (Schrddinger Equation) , ZH4E-Eritm

Br /5% (Navier-Stokes Equation) ====-:



1.1 B pA -

B RERETSTE
RMENETAERE, XRFAMGRE. ABEFRE, B—MWRERE2HFE. BARZEHZER
FRIR/R-TR - FERETERREMESR. KBNS FERBRME. XF. &

NEMRBENEFOHALEBEN—XEEZNBFRIT, FRAXMHIEALERHH
i EEY. SIMRaFENR (—REHRA “RTFi5"° & “BHi57 )

BT . 2
2 =0 8 — =0
=1
RIERETE R (Laplacian) 2 #E X ERIEUE ( , BEREUTETERH

2 . —HrSESHERNHEAESmARENTH (EE) .



1.1 Bt -

m R —=0
RnEZELE B “EE” THERRF, S5IANEHEEFIME S

NER =

N

= Zstt, B2 =1, SETFERAFNMEESSTORR, Bk
B FHAERT, URRBOEESENREIERS. BR—T, &
B LA RS SRR TR R, HELTF—HERkE.




1.1 B pA -

B _ERENETAE + =0

EARARW: ERNHENSERNLaplacianF T 0. LaplacianZFT0RY R H#H R4
Harmonic, XMEHFLNIIRRE: BEITRHNRBEFTEARSR TSR HIE.
BERAMEA—TERNER. EXSNRRERS TRABESNE, HERBITHT,
mENSE, RNERETEFEX, EYVABIERIERE IR,




1.1 B pA ~

B AfESHIE
mﬁ%—rﬁﬁEﬁf.%ﬂ?%ﬁEH (Joseph Fourier) fE1822F 1M . H T 3LIEM
2=, BEEMHLZMAENSEXEEEIREXE, X—IMRALBYEFIES KHIT
xRk, BEMEDMN “BEMER” B4, *ﬂ/ﬁ%r'—?}mfﬁﬁfﬁlﬂiﬁtt, ETiX—
MIRRIE, HEMESE T?’fﬂﬁs—e’r?‘?f‘ia

=—+ +—
1

MBEREMBRTHABE? RN : ITFT—NEES GBS0, B k@ERg
2, AUHMEEN EENAEEREM=ZENTHmET 4, BEE
XFBtE FazsE AR
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B AESHRENSX

BXRER, FHEBRIAA: BEESHAHINNENE—SEENTHIRE — BUR
Tiza5HESERENENE 2 . 52, WRESNEE
REESRETE; Rz, ERFLEERRTRAEBERE, HEE/FRELEHA
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1.1 Bt -

BEEGTE

=M _MEMERESHE, EEREEAF PRSI R—IENE(]LH
AL BYRF R B, BFEEK. JOK. 51708 B KK, Mt
B, HFREENHME RS TIENRERAR, HEEREAATRRA: XTI
ExHMBERIFER Ry (RREL/RSTFEMERES) HeE:

XE BEE—TEEEH, RFTENEBRER. AFE. 20° CHIZES[PvA343XK/



https://zh.wikipedia.org/wiki/%E5%B8%B8%E6%95%B0
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B IR (E S SRS

XEMKES TYBEERMIRZF TR, Hr2HEME, HTRREXIENR
ZavielE. PIEEEMENZ L BERRINEMNNIEER (WS HIE. FIE
EES) MAHZMEIZITSINES, NTESRENEE. SHERMATERT.

RS SINMENE R ERARFITEMBERENIEIREN. BEHENEEH
BIEENEE PRI, AMERZEEMMNYIENRESHSRZEIFEEE, Ba
HiR SRR 7 B 2R YIE o) R AR R FIUM BE
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m IR (E B EHI =

PIES | SFMBEMIAEES TETEIMETYIENG ZNEMISE, ESYEER
BXEEIR, ~ETEM EARIN. A WIRE.

Learning /\ Physics
+ - + -
- Expressive Models | * Lack Physical = Loman - Rigid Assumptions
= Computational v nowledge » Computational
Efficient * Difficult to interpret * Easy to interpret | o pibiive
- Generalization * High sample * Low sampie » Poor Generalization
complexity complexity

Physics-Guided DL
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H2.ENeural ODE? ——MNE

Residual Network ODE Network

B
) [
e 3
o
)
o, I
| I
075 0 5 ~5
Input/Hidden/Output Input/Hidden/Output

E: BREMKENERTH AE: ODE MEEXT—1E
HERUF. £17, ENRTIRTS.

BRI E .

e Chen, Ricky TQ, et al. Neural ordinary differential equations. In: NIPS, 2018.

B EEN TS REEE ¢ ©

A EM4S 5 E (Neural Ordinary Differential Equations,
Neural ODEs) R—RREF IJREAL, HFMEMLEHRRERTS
HEEMPHE (0DE) fmiAHEELETE. 1"'1:25_135'1/*};—?—71‘%?&
WRENRMEME MBI MENLE, KRTESEZENEHEE
#, TARLLO0DEM]F X Fhik il ARt (a] L BESIREN

%F bb 5% 2= 4% FHODE fX) 4% -

Residual Network: REIIXREEFERNEHMMEMNMLEE, EEL
HEG. INFEERINES, RITEER iﬁk%lﬂ%ﬂlﬂﬁ
FHE 2RV -

ODE Network (Neural ODE): I§M4ZEIRIEHWAZFLIMT 5
12, EAMTREEBEMEERENES, TERBETREE
13 ODESK i 2 ¥ IR sh7S AL



e g AR ¢ o

ODE (Ordinary Differential Equation, B9 FiE) =iih

— I EEfEF—IETE (BEENE) TUMNBERFEENXA:

H, =rE  BTRVRTS, FAiREEE TS R LR

B
BREMK . BT MEMERBENE—(LAZERETE— RS
iR & BRI S RATE E 20T -

SAMEZEFARNE PSRN LZEMFA? ERRIFRT,
[EHMHZMKZIEENER D HES R R THEENS:

e Chen, Ricky TQ, et al. Neural ordinary differential equations. In: NIPS, 2018.
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Black Box

ODE Solver
(D VAWAL =4

> MWIAE 0 Fis, ATLUSHmEE FE X A% ODE #IIs1{AE Bl 7 K1
FiE B8R, ZEFUBREEEMS FIEKESEITE, wkEssEL 2T
HESEETEINE UREREENERENE,

> 1§ ODE KfE:FMANEE, HERAGMIBEREZTERE. A ERT KL
[ kEEEZ M 1ERE ODE KiTEH#E, HHEEMTHA ODE KiFsF. XH
FARBRIE K N R, NERAKIE, HERFHIEHIRERE.

e Chen, Ricky TQ, et al. Neural ordinary differential equations. In: NIPS, 2018.




Neural ODERYSZIN ¢ ©

> Forward Process (EijE)iTEIGIE)
ODE NetBmIMEIITE, FHEIATKE—NEMD HIEVEDR

> Backward Process ([FGlITEIHFE)
EREMUmEERELRE -, HiAE ODE KEFIIWER:

1

1: O+ y oy — Oy » O 1
0

FREIREMENEATHERESY WHE——, REX HITEHH.

e Chen, Ricky TQ, et al. Neural ordinary differential equations. In: NIPS, 2018.



Neural ODESE{ -

REMEBEE P EBEREM Ay | OoVardidERODE.
dFEHHactivationfal@l, WMRIHE T

EREZ, ERFMactivationE1R%, A BE—NMEREIRES:

SHEFEARE, BRI LUEMadjoint =—
method (f¥BEFFE) RAEBELXMITE i BT AT U — MR BIODE S T -
&, BEFdmEAEEEforwvardIEF
RfFactivationtLgEITHEEE -

adjoint methodgiEfEbackwardid#2E | BackwardXRHIIVP, ¥FIEEHBHRE | =
TE—TFHMERD HEERE (VP), | 11mopE Solversk i

0o -

BHF:FHODE SolveritHEBRI#HEE. 0 1




Neural ODESE{ -
HEENTAN WHEEEHEIAT W RS

0

HbpEEMartbseiR T T—ALUBE BRI BRETIHE. BTKE . M — B9
BRDE A LUEE—XFAA ODE KfFsrRiTHE, 1HOKMSFRIAES. M EtESBERER R
TMREF. BX 1 RRTUARMELEZNENE, FEA ODE KESF—XMETEmEHE.

Algorithm 1 Reverse-mode derivative of an ODE initial value problem

Input: dynamics parameters 6, start time t, stop time ¢, final state z(¢;), loss gradient 9L/az(t,)

so = |z(t1), %, 0] > Define initial augmented state
def aug_dynamics([z(t),a(t), -], t, 8): > Define dynamics on augmented state
return [f(z(t),t,0), —a(t)T ‘gi ,—a(t)' 3 oJ A > Compute vector-Jacobian products
z(to), 33%[ 35 9L] = ODESolve(sp, aug_dynamics, t1, o, §) > Solve reverse-time ODE
return fé‘“ s 9L > Return gradients




Neural ODESE{ P -

»®
Z(f-N)

State
. atit1) Adjoint State
(94 V]
l(/r]) \ \/‘
A )z(t;) A
e v F5) a(ty)
‘)(ZI: ) | 2o
UzZ(tp) | a(t;) ¢
| A on
1 0z(ty)
| | | |
[ | [ [
to t; tit1 tn

R%H ODE KR LUEFEZ XIMERT - SHKHRATXEHRERER, REERF
BN BA—RYRIRAKE, BTESNE DL ETEX 2 BEE—1 K. R,
AN AR S B —HRY 5 [E AR ERER . EJ9 ODE RSN 7. HBEREEIEAE

A E)_E [/ SRABHET ODE. 1838 A% A4 F e RASFIR SN TRASOBURIE. MRIRkELE
AT S M MEHERRE, MAFIEREEN TS M NENH SR E LB AREIRES.

* Chen, Ricky TQ, et al. Neural ordinary differential equations. In: NIPS, 2018.



Neural ODEf# -

AFHE: ATHE0DERFEFMRLRT (FAHMAEENNAR) , BbES

HREML, ENETERNT, BEFEFHEREERAFHNPIEPMRZS.

© RIEHIESEIZAC: HEZ0DER] LA AN MBS [E][E]fR R SR EITER, FEERTH
BRAMESSHmERE, RLEREFYSIIEEIE.
EERMTTE: ODEKRRRSF] LURIESNSHE 212 B iE N ik 15 &R U HR
SHASEEN, JUTEHESE; SaiSERE, JRUEHERBRITEG.

© RENFERLENA: MHEZODEFRFAEMTREESR, EhERFNENMD HIE.
XEFEAUSHRERANVREBE S, ~EE R TR EMIE—BER TN



4 ENeural PDE? 6 o

Neural PDE (Neural Partial Differential Equation) Z—7FHh#| RN EZR
i3 7H 2 (PDE) BIERIEAR. XEFEBELS THENEZNRIEEMNIERSR
FRYPDEZR, BEBALIBIFZ LS HEREZMUUBREIE, MERNBFFH. &
e (o) sk AR LT 4544

WD HRERETESYELRERNEWL, flRESIIE. RESNBEHSEF.
PDERI—AREZ A Z

2 2
1y 2y R | I R 21 yo :O
1 2 1 1 2
KA 4 20 EETE (BRERFZEMMNELE) . RHERBHEK R .




(R4 43 75 %2 (PDE) .

ENWPDERBBIEMEAF HIE. MHELE. NHAELGIE.

BERREFEEHTRARSORE, WEESRESOIE. f8fFRhEhiiisiE:
2 =0
AR S IZEARERTERL AT e, BBNGFREMRGIE: —= 2

2

SR 572 I TR Rk Dh, IR — = 2 2
Neural PDERAISFIATR :

Heh Bk, =#HE, =£iE, RRGENVYEERREL



PINN—Neural PDERJSZIRFEZ 6 ©

R, MERKZH R SRR A TFPOEREMURAR, ErPhysics—Informed Neural
Networks (PINN) BEESIIEERSMAMLE, M T —HHE#mAIPDEKE .
PINNMEZRH EZ LR EFE:
o MERZMNLE: EX—TMHEMNSE (BEESEEEMNL) , FaANYIEETE (WEfE,
TlEAAR) BRET AMEHE (PDERRRYIAIL) .
FENIRREE : PINFRKRRBEEERT: BIFREMK (Data Loss) MY HFIEMK
(Physics Loss)
g iE: mlGdiED, BEREERBREACNENNE, EEHIERENIELENTE
ZEFf &M
SKHEEPDE: FEWNGEERE, MEMLEAT LR SR FUNFT R\ = _E HUPDERZ .




2.2.3 PDESC{5l——PINO e ©

query points x

4
input a output u
—_— lifting non-lineari

inearity

- ¥
|‘ ' linear integral operator 1 — linear im.egral operator L data IOSS
‘ n output: v, output: v, I
- T

d1 fferentlatlon

derlvatlve Du

Dvy ---7 DO _ equation
- _I loss
chain rule Fa

PINOR—HMLEES TYNEEEMMAENMEE FHF AL, BTEIKRBSHU BN HE
(PDEs) HIFREF. PINO%IJFH%EH%;%’;%*E 28, RemBiERAMbIT{NZE EPDERRIMRE T, FHE
EFHRNBORET AR ERM. PINO E—MRATE, EEE TIISGBUIEMYIEY
R, KEIHESHIL PDEs %ﬁ%ﬂ’m””’% PINO SFREEMHZE T (FNO) #EZE
—PNIHMEMEESE FREAEILSS, HEEMEELRRIR P 2 SRS,

e Li, Zongyi, et al. Physics-informed neural operator for learning partial differential equations. ACM/JMS Journal of Data Science, 2024.



Neural PDESZ{5l——GPT-PINN 6 ©
GPT-P INN— T L 04T B 2 L HE 22,

IDBEREETTEFES (neta-learning) FIRE
L T T e o FIFAR, LIEESKESHLPDESHIME.
| o X MAEIET T EEEBIBUE R B A MK LR,
) ' XEHERY 2RI R LT RIRFENSHESH
(Rt L g TGP NS $RH T — R ETH TS TR,
BIGPT-PINN, R THERESHLEG P INNSHEIRAY
WG AT ESHIRBkE . ST L HAYRBM
O e : AR, RAKREKREZR/NPINNSHIE, FHNE
______________ ssactivationfunctions ___________iGPT-PINN for parametric PDEs 3 FIP INNs 3K -5 3 1k PDEg 3372,

000

. /
(" Minimizing loss at u
by training weights
({e1 (), e2 (), ., ey ()Y)

_______________________

~

....

* Chen Y, Koohy S. Gpt-pinn: Generative pre-trained physics-informed neural networks toward non-intrusive meta-learning of parametric pdes. Finite Elements in
Analysis and Design, 2024.

29




Neural PDESZf5l——NAS-PINN 6 ©

| H u MSE

OO
NV G
"’ Z‘.v.!

‘ Update architecture (opmmtra J—
NAS-PINNE—MFT BRI R M BRI R A, ERTKBEREM P72 (PDEs) . NAS-
PINNIE T B 51 22 & U RO FH 22 48 SR 44 SR R 45 E BIPDEs o) . NAS—PINNIEB IS #4032 7R & ¢
{EAMSINBWER IR FINKERAM, R RO A— T ESHNTENLE]
#lo EPINNGEZRPSIANTZEER. BEERBERS (ND) BB S (AD) , IS
G EME R SIANRE G, BFREEFENBRTSYIEER.

* Wang Y, Zhong L. NAS-PINN: neural architecture search-guided physics-informed neural network for solving PDEs. Journal of Computational Physics, 2024.

Update weights

Optimizer for & J

oy




Neural PDESE{ -

PDE: —Au = f
Neural basis: b1, 02,
1 Ansatz: = Ek ckqbk

mmmm True solution
mam Approximation

Approximation: —» , cxA¢dr = f

ETHEMEWRM ST HTE (PDE) KRR, RE T —HFRERE, BIRENRE
RERIERZHE MBI E R, FRED S %E@H}ﬁﬁ#d&ﬂﬁlﬂﬁﬁilﬂﬁﬂo 18 13 Xt B2
BRI ERITRE, BRE T —MHETXBREWUS G (PDE) BIFIEE. TSkt
PDE, i@IKME—DEMEl@RILKEIRR, NMERLD TESHMBE. T —RRAVEERHEIE
PDE, R 7E=S B REH L RiFansatzeR ¥, 101 & 1k Ak %= 4E0DE



Neural PDERIFE -

Neural PDEFFZIRISLE&HIRMIIIELIR, REWBAS RYIECIMAVERFOKE LESHR
HRIM, AR ESYERIES AN JLATLEF T, Neural PDERRIR T H B HYIE R 4.

FAETIE: IMRTRBKRAEIL, FTLURIENavier—Stokes T2 TR
AES: BTFRTBERERITE.
EEAIAIRAL . AR LK MR B0/l .

© MRIEE: NN RTRITE.
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B EHE M ¢ o

B ERZENBHRER

E|#Z 2% (Graph Neural Networks, GNN) 2—E | THTAEEGHEIBERRESZ IR
B, B ANRIEEP D A REEREXRANERER . EULLGNNT 32N AT 3ZME 5.
WHERG WF o FEWTN .

CH. O

L - R

A ®
ZNRF3 | IGFIR
[ 2

FIHEE DT ES R EES

¢ Kipf, T. N.; and Welling, M. Semi-supervised Classification with Graph Convolutional Networks. In ICLR, 2017.




SR E ML ¢ ©
B EETR ML

EEFIM2% (Graph Convolutional Network, GCN) 22— RENIREDESHEIEIIR

A, EBITRRESEZENEREE, FATRNBRARE, BERNARUT:
HO+D = J(D—%Aﬁ—%mowa))

FREERR, ANMTEEZENEEERSMEER, 4SMEHEMENE,  ANIZGRNRESERE

ERMEMLE VS BERM

& : ,\. |
XL './‘>o\ v ~
SR KL 2" - )

_ ALK SN .%o .,j‘ w L
ZOxOz B\ A ~ &

Bl ez 5 R 2% ElEH

¢ Kipf, T. N.; and Welling, M. Semi-supervised Classification with Graph Convolutional Networks. In ICLR, 2017.



R 3t E i Z R ¢ ©
B EERNEEmIGRIPEAL

® EEIETAMLL (GON) 1, FEEEIREHRIEM, TV IEES) %ﬂ)ﬁﬁﬁﬁiﬂ BR 2%
SHE—BEFHNAETRIFEESTEX T, SBBETE , XEEHRA “TFE" 9
o

o IAHEIERMLE (FAGONFISGC) AFFERBIIZPFANER SR Z EHIINE D) .
BHREER (S6C) BT PIELMERIEMZEH, RS THEMER, BENRASZEIFE
BIRRARIN, 5 2 EHEFA KA TY = softmax

Heh =", RRAEMEN, ATIISHNEER

* Wu F, Souza A, Zhang T, et al. Simplifying graph convolutional networks. In ICML, 2019.
« Wang Y, Wang Y, Yang J, et al. Dissecting the diffusion process in linear graph convolutional networks. In NIPS, 2021.



B 7 EHE ML ¢ o

AY

B ®#R5FF (Graph Heat Equation)

o~
~

E# 7512 (GHE) B—FHRHL# ETIEFBLH‘IIEIH}‘H&IE’JL_EO HERN%LBEE, TR
FEERSBHARE—H, N—TTRERIMBDIT R, FBHT H2EIE. BBFER
&R, ERGREA AR EE jj MEH D HE, EEAXRNTRENRESHE, &Rr

0.00 20

BE Rt B 22 4L RO 4FES B dX, _
{ dt _ _LX‘t7
XO — X’ 125 |l v 0

X FTRIERE BT SRR
L=D": (]’j—j&)]’j—% ~I1-S

=B ENETER, ARBRESTRZEMBEXR
R EARFNGER o

« Spielman D. Spectral graph theory. Combinatorial scientific computing, 2012.

888858




B EHE M ¢ o

B 2FEE|%EF ] (Decoupled Graph Convolution)

HTERAFERE—1MEEmHE, R ESSERPAUFABER AR EHITKE. ™
SGC AILLEIEREH Hfﬂ’]#ﬂmﬁﬁ PRE5T. BT RIEBRRL /AR EBRM S HiEKE AT LIS
| Xiinr = Xy — AtLX,

Xt-{—At — Xt = At(.[ = S)Xt

Xiwns = [(1 — AT+ AS] X,
IRHIEHT, WELRATESE RENFFIERR:

XT _ [S(At)]KX
Hep s(3) = (1 - AT+ AtS , THERE, KIEBRAHE,At=T/K

\

HIEK X EIEE

« Wang Y, Wang Y, Yang J, et al. Dissecting the diffusion process in linear graph convolutional networks. In NIPS, 2021.
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£|%E&F (Decoupled Graph Convolution)

ETERGZRDCCA AN ERIT FEIR, ERFHMETAHRIE RFNERE, FH
RRRRHA T BEIEE.

Over-smoothing with more depth (steps) Robustness Comparison Computation Comparison
90.0 81.0
& 4
80 r— s —o— DGC-Cora B
¥ 1 .- SGC-Cora DGE(e=100) APPNP
70 80.0 —=— DGC-Citeseer 80.0 ot o1d52x
. =¥« SGC-Citeseer
700 1 '.‘ == DGEC-Pubmed _ GWWN GAT
< 60 DGC (T=1) < \: Ak SGC-Pubmed || 3 799 | ZESH2 188x @ ., , 415x
< 50 DGC (T=10) 2 60.0 e 260x
7 - GCN ® B
@ @ 4]
= 40 . SGC = ) © 78.0
50.0 Sy
30 y Lo F e e e seeafann Arrsssnnnnn d - DGI
\.\ b L 77.0 y 26
20 OO ) T TN o g TV T {
| S N R ) e Youaa, i et e, _..-“.'
= 30.0 x 76.0
2 5 10 20 50 100 300 1000 00 01 02 03 04 05 06 07 08 09 0 10 100 1000
Number of feature propagation steps Noise scale

Relative Tatal Training Time

« Wang Y, Wang Y, Yang J, et al. Dissecting the diffusion process in linear graph convolutional networks. In NIPS, 2021.



B EHE M 6 ©

B RS E)1EAE! (State Space Model)

WEZERBE—MFIIRE, BEWMRALENATRE, ENEBARFSY]  BRFENN

P53l . BEkiE, SSMERBERTS |, BUSHANMKRFSHB. CHITERM:
h (t) = Ah(t) +Bx(t),
y(t) = C h(t).

RAEBREF IR EPKF LA NS FENEE, BERXRASHAN LRRGHITERHRK
QEE ht :Aht_l +th,
yr = C hy,

Hep A=exp(AA),B=(AA) ! (exp(AA -1)) . AB.

+ Behrouz A, Hashemi F. Graph mamba: Towards learning on graphs with state space models. In KDD, 2024.



EXE = Easms ¢

mEZSEM%E (Graph Mamba Network)

HTEERBENIEEREHWSINFHERE A REINOE L. WENRERENIES 2 aKiz
R E LSBT BR, SR AANEENG], FEUEHE#HITESRES]
MambalX7SE R EE:

— - i < —
N ra ~ —_—-
= - < —>
- 7 N —

|

N
ht— 1 ( : l ht
- : -
Xe | | b g ' i Bt L/ i ] Ct B Ve
: . N eem——————— At : GPU
B _ T Discret T B SRAM
i Project : [ GPU HBM

- = Selection Mechanism

+ Behrouz A, Hashemi F. Graph mamba: Towards learning on graphs with state space models. In KDD, 2024.
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B ESEM4E (Graph Mamba Network)

KFF% Mamba Z 7R T BAIKCFHIRERERE, Graph Mambaifid A& AT R I TREALIFE,
ANEAET SEZSHEFERFY, XLFHIREGEHTHFIERG, FEIRKE A,

. ; S b | ‘l N
G [Tn(0)] = G || ) Tina (0) B BE B BB B
=0 } }& N I RIRVs
1 1
G Tole) s GIE (lls < G[Tf(i})], ama k| L0 | 51 05 G|T;,(v)] . B B e X g s
s times s times 1 ' l ! ] l l
Y
— Ty A2 A S sub'graphs s sublgraphs s subgraphs
FBMARLS KA TEESIERE s )Xo (m=1) (m=2) (2 = m)

+ Behrouz A, Hashemi F. Graph mamba: Towards learning on graphs with state space models. In KDD, 2024.
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Fl=2E 2% (Graph Mamba Network)

TERHNERTFENTKRXIEE LRN— M FEIRT A (M = m) (= 1)
HIEEE, BFSKIMREN F R mEaRD, EME_" gmi
H R AT EE LEBANFFIEE. "= m 0

> &2 EMENRETEMESS25EMIMNRHER, ” 5
UESHE N FEESES LTS REMNES, ik m;“ _
SNREO T EINIEE 05 B I RES 2R IS 2. o B

> ZEISSMBTRIMERFAESEEFMAN, TEL 0 =
BB B EAIE L EERDE N A0, Al T
58 [ % 346 F A AN TR IR 5 BT AN R )
FEHFS RS,

+ Behrouz A, Hashemi F. Graph mamba: Towards learning on graphs with state space models. In KDD, 2024.
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S | Cora
| D-rg;o » rb‘ T T
o =
e ﬁl L}ﬂhar Si oy /f’f : 84 GAT -
0 8- || gn ; M_:am @ 32.5x
Janos / Walder i 8 /.'D'aervery‘e-l-\\-' MQ‘?“G L 83 - . -
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|:J = Memory storage needed at training time

[L] " :
Zyp g at which

Depth Jas L = Falx oo y=x

(L] zx
ZI.T ].'T

Forward Forward T l
XL lﬂ‘\'{?rﬁ B et o

:Equilibrium Solver for:

i+1] _ i]. |
21 — fo(ax) oy
T 1, Backward T l Backwar:
EHiHE(Jl‘_\' (or zero) padding ) ! o < [(]]
evions eamlibrinmi— i [0] :'
{(1.e.. previous equilibrium ) T i ZI'T
B i 1-F - | :
élnpul injection ""“""" i amanaaay 8 .I*““""‘- =
Positional embedding >_} XiT ¥ X1-T
Fixed Time
Typical Deep Neural Network Deep Equilibrium Model

ERHEMLE vs BRNHEMLE

» Bai, Shaojie, J. Zico Kolter, and Viadlen Koltun. Deep equilibrium models. In: NIPS, 2019.
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%s(x) — g(s(x), u(x)J x) Unstacked DeepONet
s(a) = 80 ulry) /"@D
i gl u(xrz) | mm{”@
Wﬁi?ﬂ’é\ u(Zm) \@
Glu)(y)
p }3//
G(u)(y) = )  br(u(x1), u(x2), ..., u(xm)) t(y)

GUADo )l -
branch trunk \@)

MF—Mr I HE, ENAFREFA,

AT Nz A= R /1l s TO DeepONetS ngéél:*l‘g
XK ERBEIR 15X MR F T2 %

* Lu, Lu, et al. Learning nonlinear operators via DeepONet based on the universal approximation theorem of operators. Nature Machine Intelligence, 2021.
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+ Marwah, Tanya, et al. Deep equilibrium based neural operators for steady-state PDEs. In: NIPS, 2023.
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£:8(%) = g(s(x), u(x), x)

s(a) = so

J

{ ‘?t(——L X(t) W(t) st.t >t
X(1y) = (X)

!

{ Ccii)t( -L - X(t) - P(W), s.t.t >ty
X(ty) = O(X)

Om 3

Original Feature X

I

Noise Injection

’—l_l_l—H results
Explicit graph
diffusion
HMore Stable!
results
Implicit
graph diffusion

[RNEHEMEEERE !

Superior Embedding
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Subgraph 1
x H L - * * *
e P Proposition 4. The proposed stochastic solver is an unbi-
— — ~ . s +
Bsie. P ased estimator of the equilibrium Z* of the forward pass,
—— =" i.e., the expectation of the approximated equilibrium Z* is
, .
< : the same as that of the true equilibrium £* : K [Z*} =
Mcssage passing | Z*-:u: E:U:ﬂ ";r‘kg('r‘l-’r)hf{}f, Q).fi“’“, under the condition that
Subgraph 2 via coarse nodes | Ek=t+1 ’}fkg(lflr"}kf(x, Q}SL P exists.

ﬁ%iﬂ Eﬁhﬂ*@“ﬂ?lLﬁ
)Il %, SERTRRMERTEEIFHITIIZEE
B EN1S ‘EMEI’ME !

@ Coarse Node — — Coarse-original Edge

Q Original Node =~ — — Coarse-coarse Edge

1. BT =Bt 2. BEALKAESS

* Liu, Juncheng, et al. "Scalable and Effective Implicit Graph Neural Networks on Large Graphs." in ICLR, 2024.
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Definition 1. (Semi-supervised Cross-view Consistency) Two view-specific (v and k) representations
of i-th node z.,,(1) and zy. (i) are consistent if min(1(z,(i);zr (i ))) > max(I(z,(7); 2k (j))) for any
i € U(i)and j ¢ V(i), where U (i) denotes the set of nodes with the same label as node i.

* PiY,WuY, Huang, et al. Inhomogeneous Diffusion-Induced Network for Multiview Semi-Supervised Classification. IEEE Transactions on Neural
Networks and Learning Systems, 2024.
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Forward Propagation

Forward Propagation
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i
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X

Forward Propagation Rk

max Y"1 (0:20))
JEW(D)

N
<~

Learnable

Weights

Cross-entropy Loss

« PiY,WuY, Huang, et al. Inhomogeneous Diffusion-Induced Network for Multiview Semi-Supervised Classification. IEEE Transactions on Neural

Networks and Learning Systems, 2024.
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INZSE B4R (State Space Model, SSM) R—RHFEA, HTHiE—NRGERVRTSI(ATRERTE]
R, EARTAENESRS, BE—RIREEERRIERGIRAVIRTS AR I E T —EZ
B,

WSEERB R TN IEER:

» D

. REHE: - + |
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SSMAMERE#FS, MERELEFIERBMAFINEMLFS, A, B, C, DEMAFAEIINS
%, ¥3&E, A B, C,DEEAE, RIMALMEFNERS(Linear time-invariant system,
LTI, {BRERYUEM Amambad X U EREREE WA N R ML

Input Output
(sequence) SSM (sequence)

state equation
h'(t) = Ah(t) + Bx(t)
output equation

y(t) = Ch(t) + Dx(t)
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EREFIH, D IEFEXR{Uskip connection, FE Itk SSM WA LAHEMEaR TR

Input Output
(sequence) SSM (sequence)
state equation

h'(t) = Ah(t) + Bx(t)

r\/ . output equation . r\J

y(t) = Ch(t)

sKip connection
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ATESRTESER, FASENSEEIEST, BEFTEFEENERIRTSE BRI
AFRMENEN. XERAERETESD, HEIITEZEERLEEEREN RS, KakTSE
Prio)el RV SEE SR (Flan, Ef&k. S50, RHEFIIF) , RtFEERREENHFHEE
s, UEETTEN LHITAE.

Input Output

(sequence)  ContinuousSSM___ (sequence) Mambarh 3% FI B0 2 BRI A (Zero-order

t) = Ch(t) —> f\J hold technique), T EEIT43— TZ0H:

state equation

h, = Ah,, + BX,

C=exp A = AA exp AA —1 A

output equation

:

Discrete SSM
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Z0H, ZFRAZTMRFFET (Zero-Order Hold) , E—MATHERMIESERHLAEEESHER
k. I0HNRIEZRIFMAGESESITRXEARANEASE, BRI T—MRERABRA G, #a]
Wi, EREZIE, BFSEERFEE, AR T —RIINEHIREESHEL.

Discrete Signal Continuous Signal
(Input) (Input)

Hold each value

a until we reach step size (A)
® ' ’ another S .5 .7

l . ' . g . : o —
0 ! 2 3 4 0 1 2 3 4
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Discrete Signal Continuous Signal
(Input) (Input)

Hold each value
until we reach

step size (A)

L o o another o, o 1 ¥
. e i @ < o & —
0 i 2 3 4 0 ! 2 3 4
Time t Time t

1. SARRIBEHESEH, RNBSEEHE, BEWEIFNEHES, NHRESBMERMZET
SSM AILUERBEEES,

2. RFFZEMREB—MINAIFEISHRR, FRALK (step size)
(resolution)

3. ATESHNEANESE, BALERESEL, FEMRIEMANBEIEZIIHERI TR

A, ERFBMARME RS
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Discrete Signal

Continous Signal
(Output) (Output)
Sample from
\/\/ | nmesteps :
I/ '
0 1 2 3 4 0 1 2 3 4
Time t Timet

XL ERERNEREA L, $35A, B IR T ARNMEMIRE, SEBMELESMETAS
BISSM,
B = AA exp DA —1I A

=exp A

M OABEMERRESY, SHSSNAHRUATHIERT:
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%‘%ﬂtwﬁﬂqssmﬁﬁﬁluﬁﬁﬁﬁwﬁzﬁ BYFAFER . TR, AN Qa) EHHRET

B FEMEIAN, B HBHE, FNMATUSEIERER, Az (Ba) fir.
W(t) = Ah() + Bx(t)  (1a) h = Ah_, +Bx, (2a) K =(CB.CAB....CAB..) ()
y(t) = Ch(t) (1b) y: =Ch, (2b) y=x+K (3b)

State Space Model

— . BREERT: HEHTIE
o C AGERTR: SRR

-F Training
mode

WIKIPEDIA

Sz, XLRBAPHEE SR E
LA B &S, BEERF ﬂkrt
BHRM IR Bt

Inference

mode
My name is

——p Maarten

* Gu, A. and Dao, T. Mamba: Linear-time sequence modeling with selective state spaces. arXiv preprint arXiv:2312.00752, 2023.
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EERESLIEESST, MleKEBKEXAREXEER, ERTFIINKEEKS
FHEMITEAARZRIEMN. HIPPOREME—MSM ZMNILERIET, ErBERRMY ﬁﬁ%
== B A S U AR F 5 E AR R A2 AR i) L

Input Signal Reconstructed Signal
HiPPO
(compress and small degration
reconstruct signal of newer steps
information) - _
-  llarge degration
. of older steps :
0 1 2 3 4 0 1 2 3 4
Time t Time t

» Albert Gu, Tri Dao, Stefano Ermon, Atri Rudra, and Christopher Ré. “HIPPO: Recurrent Memory with Optimal Polynomial Projections”. In: NIPS, 2020.
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Q:'”I"]'ftzlk,u;.—_lEﬂ*%*” (Structured State Spaces for Sequences , S4) =T EEIHIRIC
F2Ik# GBIZHIPPO) , FHATLURETEIRFTING . BESMRFT M. BFAZ LT R
iR, ﬁ'ﬁE,\JnnE’JE LA FNAE L MR LT AN E R G EES], TTABHLEE R
BIRE FHRLES. tanEFMEFHESZFFNIAES.

Structured State Spaces for
Sequences (S4)
I
Continuous n Long-Range | Discrete

State Space N Dependencies Representations
(HiPPO)

[p [ 1] ‘
X @t@ >y

1 2 3 4 0 1 2 3 4
Training mode (convolutional)
Inference mode (recurrence)

« Albert Gu, Karan Goel, and Christopher Ré. Efficiently Modeling Long Sequences with Structured State Spaces. In: ICLR, 2022.
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B EFMHERESENTRITHEHIES, RETHFERIARCHNE. ZEFEKEEAS
RRANEIERES), LAREWSICIEMERRVFRIE (BHER) FidiEExxafme (Bes)) .

B PP EFE M ZREARBREREIESRE (LLMs) XERS £ T35 S 8E JIRVHLEH,
IZESEK ETICURAEIRRE S, WAEE W E T XA ATE R EfRAmE (Bef) .

Copying Selective Copying

output [N] N [N N [N oo N N Il I Ovteut NANNNN-NNTERE
nput T[] EEEE - (N /AN /--H /ANEN

Perfectly solved by LTI (e.g. convolutional) medels thot do not need to look at the actual inputs . . . . . . ! A D D . — .

* Martin Arjovsky, Amar Shah, and Yoshua Bengio. Unitary Evolution Recurrent Neural Networks. In: ICML, 2016.

Solution Induction Heads
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XEFEFHRTEMERAE LT RERKIEN. NEENBERE, LTI RENEEDS
(AN 2 By (, ) &) ZELENMALETXHRFEHBIER, SFLUKRBEMANG RN
FIAEFIREIREIRS. NERNBEXRE, EMERERAUMRERNEFIES, B
AERFENERAEESN, BREFESFESTUNFERME, REETENRZAZRAEE

EEFMN, MARBLZEREREENR, TEABEFSERZEITER.
Copying Selective Copying

output [N] N [N N [N oo N N Il I Ovteut NANNNN-NNTERE

ot R[] EEENE v [ B[/ BN /-H/AENNE

Perfectly solved by LTI (e.g. convolutional) medels thot do not need to look at the actual inputs

Solution Induction Heads

EEEEEEN--LL/E0-H

« David W Romero, Anna Kuzina, Erik J Bekkers, Jakub M Tomczak, and Mark Hoogendoorn. CKConv: Continuous Kernel Convolution For Sequential
Data. arXiv preprint arXiv:2102.02611, 2021.
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WEFIIRBEN—DNERRENZERFNE, &R E TR TS EMARIFFIR7SH 6
FHEFHFIPANR B —MHFEZR LW FRZ ENS BB TN

Algorithm 1 SSM (S4) Algorithm 2 SSM + Selection (S6)
Input: x : (B,L,D) Input: x : (B,L,D)
Output: y: (B,L,D) Output: y : (B,L,D)
1: A :(D,N) < Parameter 1: A :(D,N) « Parameter
> Represents structured N X N matrix > Represents structured N X N matrix

2: B : (D,N) « Parameter 2: B :(B,L,N) « sp(x)
3: C : (D,N) « Parameter 3: C :(B,L,N) « s:(x)
4 A {D} + T,(Parameter) 4: A : (B,L,D) « t,(Parameter+s,(x))
5: A B : (D, N) « discretize(A, A, B) 5: Z,E : (B,L,D,N) « discretize(A, A, B)
6: y < SSM(A, B,C)(x) 6: y — SSM(A, B, C)(x)
& Time-invariant: recurrence or convolution i Time-varying: recurrence (scan) only
return y 7: return y

o

spx)=Linear yx).s,&x)=Linear yx).s ,(x)=Broadcast,p(Lin
ear (x)), Bt A=softplus, HFLi near , B4E d HSHNLIEE.
BT A EEESTLE R UL, XESHIMAEFT— T KELEL XEREEEELEMNFATE AT,
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MambaZ244 40T,

>— || ¢ 6

SSM SSM projection
C@ C@ Sequence
transformation
Conv Conv
I | Nonlinearity

\ A 7l [N /X y| @ omeE

H3 ® Gated MLP S— Mamba
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Model Arch. Layer  Acc. Induction Heads Extrapolation
1.0 | —
S4 No gate S4 18.3 = T
- No gate  S6 97.0 087 e MHA-RoPE
= ~s MHA-xPos
H3 H3 S4 57.0 8 %67 — H3
Hyena H3 Hyena 30.1 E g === Hyena
. H3 S6 99.7 = — ki
e L o e rain Len
- Mamba S4 56.4 bl
- Mamba Hyena 284 ) R EEEEEEEEE———————
Mamba Mamba S6 99.8 w0 10° 10f 10° 10°
Test Sequence Length
Table 1: (Selective Copying.) Table 2: (Induction Heads.) Models are trained on sequence length
Accuracy for combinations of architectures 28 = 256, and tested on increasing sequence lengths of 26 = 64 up to

and inner sequence layers. 2?Y = 1048576. Full numbers in Table 11.
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O BN REALEEFMTENMEN—I2X, SEILETTENEBIEFMERARER

CGnERFMSTD dus. HEREEMAXNIUERSE, BN hFRREL TR,
OHENARASEE: ErEGoth, BaiE, ARn|, EEMMRNEE
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O i FR B — T iR A, EERMEFRRIFES, BEUERSIEEREBFTER.
O 7 HRENERIIEZED AR ETHE: RIEEESREEE
Ofi%5: SEREEMK, MM, NIGREN

Use variational lower bound

PolXe—1/%¢)
@H H@ @H H

:rlr t

—

Xy 11X ) IS UNKROWN

* Croitoru, F. A., Hondru, V., Ionescu, R. T., & Shah, M. Diffusion models in vision: A survey. IEEE Transactions on Pattern Analysis and Machine Intelligence, 2023.
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O RN ERIRED AR N ERDHZE: pIREES REEE
O%: SREEMR, M, IGREN

Linear interpolation Rectified Flow

* Croitoru, F. A., Hondru, V., Ionescu, R. T., & Shah, M. Diffusion models in vision: A survey. IEEE Transactions on Pattern Analysis and Machine Intelligence, 2023.
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BRI 2t B s — X 81, STERAERGTNERNSHEMEME. ZESEIEHk
R RIS, TR RN FLERS AR A0IR BB S SERDX NIRRT SRR AT I SEE L R I AR
WARIEIR: ERTBERERARER, ENBUEENSHY.

EARER: FIRT SUSR T LIRS IR IR EMHR B, FEGEMNEMEE (W RER)T)
St B H IR B B4R,

* Luo, R., Song, Z., Ma, L., Weli, J., Yang, W., Yang, M. Diffusiontrack: Diffusion model for multi-object tracking. In: 4441, 2024.
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BB ERR: KE— TR E &G THE SRR,

S+ IX AN BB B R AT USSR A R I BE -

HIEIEER . EMEHUNERER, BUTREXS. MEMFELG THEWFE, NHEEE)
2 PR A SR

E R EmE: $tHEREEEIE (UENER) SESRIREEN, SR AT AR,

* Harvey, W., Naderiparizi, S., Masrani, V., Weilbach, C., Wood, F. Flexible diffusion modeling of long videos. In: NIPS, 2022.
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EEEFR: FREsERnBRGNESEREE. ESEMSHM.
R RERITRE: BESEGRERSEN , HEEGTERTIRG, BR— I SHREES .
%ﬁﬁ&:%%ﬂ@%%%,ﬁﬁW%%M%ﬁii@,E&EW%@EWM%%E%O

* Ho, Jonathan; et al. “Cascaded diffusion models for high fidelity image generation”. The Journal of Machine Learning Research, 2022.
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FEHFNARNEERTEGBEGHENK, BEREGHNZR—FFZBRAEREGRIEN
22 E G, ERNEGREEXFMUR ESERSZNEGEN. XM IEEMS LR
AT ET MR E T MERE, AT, EARBEGRNEXNSGHLTERSES.

* M Xia, Y Zhou, R Yi, et al. A Diffusion Model Translator for Efficient Image-to-Image Translation, IEEE Transactions on Pattern Analysis and Machine

Intelligence, 2024.
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1%% E *}]-‘ . ﬁ\c IJ FH ﬁ;ﬁ $ E’\] 2D I_;E E‘Z El"] 3D 1% . ln-disibution Out-of-distribution

AE :

Measurement

> BN 2DE R R E X R 3DIREY, XX 4% IR M T2k .

Ours

> MIA2DEER, MBEVIIREHG, BiEIIEGERMNSEZE LS
HKMgE, M4 Rk 3DIEEY,
> XA R RYIDIRBY 1T IR HAAL IR

Ground Truth

* Karnewar, A., Vedaldi, A., Novotny, D., Mitra, N. J. Holodiffusion: Training a 3d diffusion model using 2d images. In: CVPR, 2023.
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EHEAS

B IRETH: HFabEFEENEMS FRZRBYIRAIES TINEEShaERMYT.
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* Pagala V R, High A A, Wang X, et al. Quantitative protein analysis by mass spectrometry. Protein-protein interactions: Methods and applications, 20157
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EFBR: ZAREEEREEREYFHEXEE. EARATFEMIITIEN,
ENBTESEMSTF (WMEMAEAR. &8, 9T HEERRBEHEEIE.
ElEHkR -

B BERNNREE: FREAREEERNESHEERR

==

e ol

BN ESKIETESHEEER, MAERESIART
B DSt EAREEEREIEH, ZERIMESETERIFZT.

* Katz C, Levy-Beladev L, Rotem-Bamberger S, et al. Studying protein—protein interactions using peptide arrays. Chemical Society Reviews, 2011.
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RRNZEHSEARNEBREEX WARKERFFHEARBRAS) .
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m SRMMIHEYN:. EEREGHTENZSAR, TEZEBRENEIME T RERI LA ERIZS

taupathy

1;@ ] zﬁ &5}”\“ % 7T|T< H I:l, Eﬁ o Primary age-related Alzheimer’s disease

[
v}a

HERRR . RATALE S RAOBEAEH HAT,
TLEZ AL FREBEIRINMREIR

Cognitive
decline

mAp = Tau

’gTangle ) HMW tau

* Lisewski A M, Lichtarge O. Rapid detection of similarity in protein structure and function through contact metric distances. Nucleic Acids Research, 2006.
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m WEERM: BORAFTEREERNEIE, NMARTERINAMBRE— K.
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* Gilchrist A, Au C E, Hiding J, et al. Quantitative proteomics analysis of the secretory pathway. Cell, 2006.
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* Piana S, Lindorff-Larsen K, Shaw D E. Protein folding kinetics and thermodynamics from atomistic simulation. Proceedings of the National Academy of Sciences, 2012.



Inxl

Al

AR EESRESHFIERRE @ ©

ERRNREEZEENZMN, $HAIREARESE FTURLE AT,
SFHEINGERK . MREARMNRIREMER, RAENESNT BHEXERE.

2

RE RTERE

EZrFmERZE (DSC) : BERESHIE, HRARAUSTEAREERETN
THTA, WEREE. AREMNTEMEIRE. XEEEXNEARNNA (WHY
REM) MINEMREXREE,

* Menczel J D, Judovits L, Prime R B, et al. Differential scanning calorimetry. Thermal analysis of polymers: Fundamentals and applications, 2009.
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* Fang Z, Long Q, Song G, Xie K. Spatial-temporal graph ODE networks for traffic flow forecasting. In: KDD, 2021.
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Datasets  #Sensors #Edges Time Steps

PeMSD7(M) 228 1132 12672
PeMSD7(L) 1026 10150 12672
PeMS03 358 547 26208
PeMS04 307 340 16992
PeMS07 883 866 28224
PeMS08 170 295 17856

¥WiRERMFIEE I M 3B ER M RE N =
R4 (PeMS) SCRTH 30 #hit&E. HIE
E17M8 6:2:2 LBl AINEGREE . I
SMMKE. ERA—/NERIHEHIER
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Dataset Metric ARIMA STGCN DCRNN ASTGCN(r) GraphWaveNet STSGCN STODE

RMSE 13.20 7.55 718 6.87 6.24 5.93 5.66

PeMSD7(M) MAE 1.27 4.01 3.83 3.61 319 3.01 2.97
MAPE 10.38 9.67 9.81 8.84 8.02 155 7.36

RMSE 12.39 8.28 8.33 7.64 7.09 6.88 5.98

PeMSD7(L) MAE 7151 4.84 4.33 4.09 379 3.61 3.22
MAPE 15.83 11.76 11.41 10.25 9.41 913 7.94

RMSE 47.59 30.42 30.31 29.56 2271 29.21 27.84

PeMS03 MAE 35.41 17:55 17.99 17.34 1912 17.48 16.50
MAPE 33.78 17.43 18.34 17.21 18.89 16.78 16.69

RMSE 48.80 36.01 37.65 35.22 39.66 33.65 32.82

PeMS04 MAE 33.73 22.66 24.63 22.94 24.89 21.19 20.84
MAPE 24.18 14.34 17.01 16.43 17.29 15.90 13,77

RMSE 59.27 39.34 38.61 37.87 41.50 39.03 37.54

PeMS07 MAE 38.17 25.33 25.22 24.01 26.39 24.26 22.99
MAPE 19.46 11.21 11.82 10.73 11.97 10.21 10.14

RMSE 44.32 27.88 27.83 26.22 30.04 26.80 25.97

PeMS08 MAE 31.09 18.11 17.46 16.64 18.28 17.13 16.81
MAPE 22.73 11.34 11.39 10.6 12:15 10.96 10.62
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* Choi J, Choi H, Hwang J, Park N. Graph neural controlled differential equations for traffic forecasting. In: 4441, 2022.
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Dataset V] Time Steps Time Range Type
PeMSD3 358 26,208 0972018 - 11/2018  Volume
PeMSD4 307 16,992 01/2018 - 02/2018  Volume
PeMSD7 883 28,224 05/2017 - 08/2017  Volume
PeMSDS8 170 17,856 07/2016 - 08/2016  Volume

PeMSD7(M) 228 12,672 05/2012 - 06/2012  Velocity
PeMSD7(L) 1.026 12,672 05/2012 - 06/2012  Velocity

Model PeMSD3 PeMSD4 PeMSD7 PeMSD8 PeMSD7(M) PeMSD7(L)
MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE MAE RMSE MAPE
HA 31.58 5239 33.78% 38.03 59.24 27.88% 45.12 6564 2451% 3486 59.24 27.88% 4.59 8.63  14.35% 484  9.03 14.90%
ARIMA 3541 47.59 33.718% 3373  48.80 24.18% 38.17 5927 19.46% 31.09 4432 22.73% 7.21 1320 15.38% 7.51 1239 15.83%
VAR 23.65 3826 24.51% 24.54  38.61 17.24% 5022  75.63 32.22% 19.19  29.81 13.10% 4.25 7.61 10.28% 4.45 8.09 11.62%
FC-LSTM 21,33 3511 23.33% 26.77 40.65 18.23% 29.98 4594 13.20% 23.09 3517 14.99% 416  7.51 10.10% 4.66 820 11.69%
TCN 1932 335y 1993% 2322 3726 15.59% 3272 4223  14.26% 2272 3579 14.03% 436  7.20 9.71% 4.05 729  1043%
TCN(w/o causal) 18.87 32.24  18.63% 2281 36.87 14.31% 3053 41.02 13.88% 2142 34.03 13.09% 4.43 7.33 9.44% 4.58 177 11.53%
GRU-ED 19.12 3285 19.31% 23.68 3927 16.44% 27.66 4349 12.20% 22.00 3622 13.33% 4.78 9.05 12.66% 3.98 1.71 10.22%
DSANet 2129 3455 2321% 2219 3577 16.03% 31.36 49.11  14.43% 17.14 2696 11.32% 352 698 8.78% 3.66 720  9.02%
STGCN 17.55 3042 17.34% 21.16 3489 13.83% 2533 3934 11.21% 17.50  27.09 11.29% 386  6.79  10.06% 3.89 6.83  10.09%
DCRNN 1799 30.31 18.34% 21.22 3344 14.17% 2522 3861 11.82% 16.82 2636 10.92% 3.83 7.18 9.81% 4.33 833 1141%
GraphWaveNet  19.12 3277 18.89% 2489 39.66 17.29% 2639 4150 11.97% 18.28  30.05 12.15% 319 6.24 8.02% 3.75 7.09 9.41%
ASTGCN(r) 1734 29.56 17.21% 2293 3522 16.56% 24.01  37.87 10.73% 18.25 28.06 11.64% 314  6.18 8.12% 3.51 6.81 9.24%
MSTGCN 19.54 3193 23.86% 2396 3721 14.33% 29.00 43.73  14.30% 19.00 29.15 12.33% 354  6.14 9.00% 3.58 6.43 9.01%
STG2Seq 19.03 29.83 21.55% 2520 3848 18.77% 3277 47.16  20.16% 20.17  30.71  17.32% 3.48 6.51 8.95% 3.78 112 9.50%
LSGCN 1794 29.85 16.98% 21.53 3386 13.18% 27.31 4146  11.98% 17.73  26.76  11.20% 3.05 5.98 1.62% 3.49 6.55 8.77%
STSGCN 17.48 29.21 16.78% 21.19 33,65 13.90% 2426 39.03 10.21% 17.13  26.80  10.96% 3.01 5.93 7.55% 3.6l 6.88 9.13%
AGCRN 1598 2825 15.23% 19.83 3226 12.97% 2237 36355 9.12% 1595 2522 10.09% 279 554  7.02% 2.99 5.92 7.59%
STFGNN 1677 2834 16.30% 20.48 3251 16.77% 2346 3660 9.21% 16.94  26.25 10.60% 290 579 71.23% 2.99 591 7.69%
STGODE 16.50 27.84 16.69% 20.84 32.82 13.77% 22,59 3754  10.14% 16.81 2597 10.62% 291 5.66 71.36% 322 5.98 7.94%
Z-GCNETs 16.64 28.15 16.39% 19.50 31.61 12.78% 2L 380 '90% 15.76  25.11 10.01% 275 562  6.89% 2.91 5.83 1.33%
STG-NCDE 1557  27.09 15.06% 1921 31.09 12.76% 2053 3384 8.80% 1545 24381 9.92% 2.68 5.39 6.76% 287 576 1.31%
Only temporal 2044 3282 20.03% 2631 4097 17.95% 2877 4439 12.60% 20.83 3255 13.01% 334  6.68 8.41% 354 7.03 8.89%
Only spatial 1392 2117 15.14% 19.86 3192 13.35% 2172 3473  9.24% 17.58 27,76  11.27% 2T 5.40 71.00% 2.9 280 7.60%

100
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4.4

B A Az

PR, RBERBAESTRS, FEXEE—EMEATEWERIE. AR
XMIER, JIZMATNT RN ER 10%E) 50%8 R MN{E.

Model Missing rate  MAE RMSE MAPE Model Missing rate MAE RMSE MAPE
STG-NCDE 1936 31.28 12.79% STG-NCDE 1568 2496 10.05%
Only Temporal 10% 26.26 40.89 17.66% Only Temporal 10% 21.18 33.02 13.26%
Only Spatial 1973 3167 13.20% Only Spatial 16.85 26.63 11.12%
STG-NCDE 1940 3130 13.04% STG-NCDE 16.21 25.64 10.43%
Only Temporal 30% 26.86 41.73 18.35% Only Temporal 30% 2146 3337 13.57%
Only Spatial 1983 3195 13.29% Only Spatial 18.46 29.03 12.16%
STG-NCDE 1998 3209 13.48% STG-NCDE 16.68 26.17 10.67%
Only Temporal 50% 28.15 4354 19.14% Only Temporal 50% 2268 35.14 14.11%
Only Spatial 20.14 3230 13.30% Only Spatial 1798 28.12 11.87%
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